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ponents for the function S,(x), mapping each point = to the matrix of the best
linear LP-fitting of the action of f on the closed ball of radius r centered at x, and
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1. Introduction.

In this article we find conditions ensuring the convergence of the Eckmann and
Ruelle algorithm (see [7]) used in the estimation of the Liapunov exponents, for
the tangent map, of an ergodic measure, invariant under a smooth dynamical
system. We start by introducing the Liapunov exponents.

1.1. Liapunov exponents of dynamical systems. Oseledec theorem.

Let f: M — M be a dynamical system where M is a Borel subset of IR*, and let
i be an f-invariant probability measure on the o-algebra of Borel subsets of M.
Let S : M — M, be a measurable map where M is the set of real s X s matrices
and S is such that log* (|[S(z)]|) € L*(u) (for an arbitrary matrix A, we denote by
|A|| the largest eigenvalue of (A*A)'/? where A* denotes the transposed matrix

of A). Consider the matrix S defined by
S =S(f171(2)) S(f172(2)) -+ S(2), (1.1)

where f* denotes the k-fold composition fo fo---o f. The multiplicative ergodic
theorem proved by Oseledec (see [13]) states that the limit

A, = lim, o (897 547y 20!

exists p-a.e. The logarithms of the eigenvalues of A, are called characteristic (or
Liapunov) exponents of S at z. If i is ergodic, they are constant p-a.e.

If M is a smooth submanifold of IR®, f € C*(M) and u has a compact sup-
port, the Liapunov exponents for S(z) = D f(z) are well defined (see [15]). They
quantify the sensitivity of the system to initial conditions, and give relevant infor-
mation about the entropy and fractal dimension of the invariant measure pu (see
[6]). The eigenspaces of the matrix A, also give useful information on the local
structure of .

1.2. Estimation of the Liapunov exponents of an observed dynamics.
The Eckmann and Ruelle algorithm.

Assume that the state space M defined in section 1.1. is an open subset of IR”.

When computing the Liapunov exponents of D f a standard problem arises when
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the time one mapping f is unknown and the tangent map must be estimated by
observing a given vectorial time series {xy,...,z,—1} C IR®. This time series is
assumed to consist of the first n points of the orbit of the initial state z under an
unknown evolution law f of a dynamical system, i.e. x; = fi(z), 1 =0,...n —1
(we denote this time series by O,(z)). Most of the algorithms used to estimate
Liapunov exponents use a linear fitting of the tangent map (see for instance [7], [16]
and [1]). One of the most frequently used is E.R.A. It has proved computationally
efficient in giving the whole Liapunov spectrum of many dynamics, instead of the
largest Liapunov exponent, as done by other standard algorithms ([21], [17]).
However we do not know of any rigorous proof of its convergence. We provide
it in Theorem 2.3. In particular we show how E.R.A. may be used to compute
the whole Liapunov spectrum of a smooth dynamics, up to an arbitrary degree of
accuracy. We now describe how this algorithm works.

Let szgq) be the matrix defined by (1.1) for S = D f. Since D f is unknown, the
algorithm replaces it by an estimate. Given x; € O,(z), the estimate of D f(x;) is
obtained by taking the linear map /3, , , which best describes how the evolution
law takes the vectors x; — x; to the vectors x;.; — x;;; for vectors z; in a small
ball centered at x;. Given a radius r > 0, let N, , (i) denote the set of indices j
such that |z; — 2;], < r (|-, denotes the Euclidean norm) and z; € O,(2). If we
use the least squares fit then minimizes, in the set of linear maps

1/2
1 2
Ar,xi,n(ﬁ) = n Z (‘xj-i-l — Tit1 — ﬁ(% — .731)’2) . (1.2)
JENr 1 (1)

In order to obtain the convergence of the algorithm we need to ensure the
goodness of the estimate of Df(x;).

,T;,M

1.3. Convergence of E.R.A: description of the proof.

We assume from now onwards that we work in the setting described in section
1.1. Given a point x in M, let B(x,r) denote the closed ball, in the Euclidean
norm, with radius r centered at x. Given p and r, with 1 < p < oo and r > 0 we
define, on the set L, of linear maps from IR’ to IR®, the functional

Aest) = | [ (110 = 1) =Bty =), ) BT



where || is the usual p-norm of vectors in IR”. If there is a unique 3, , € L
where the minimum of A, ., is attained, we say that 3., , is the best linear
estimate in LP(p |B(x,r))-norm of f at x (throughout the text p|B(z,r) denotes
the restriction of the measure p to the ball B(z,7)).

Notice that (1.3) coincides with (1.2) when p = 2, = z; and p = p_,
with g, = n-! Z;:ol dsi(z- Thus, E.R.A. replaces D f(x;) with the linear map
Br.ai ., which is the best linear estimate in LP(p. ,, | B(x;,7))-norm of f at ;. If
f is a Borel measurable dynamics, and p is an f-invariant and ergodic measure,
we prove that lim, .o 8, , = B,,, , p-a.e. z € M, where 3, . is the best
linear estimate in L?(u |B(z;,r))-norm of f at x;. The goodness of By ws, . S an
estimate of D f(x;) may thus be obtained by proving first the goodness of Bm .
as an estimate of 3, . ,, and then the goodness of 3, , as an estimate of D f (xz)

The determination of sufficient conditions for the convergence of 3, , to
D f(z) when the radius r tends to zero is not a trivial problem due to the fact
that the measure p may exhibit a complex local structure. It is shown in [11]
that there exists an inverse relationship between the regularity conditions of p, in
terms of local densities, and the smoothness of the mapping f required to ensure
the goodness of the estimates. Also, if the measure p|B(x,r), for small r, is
concentrated near a hyperplane, 3, ., may be a poor estimate. This is known to
happen when estimating the Liapunov exponents of an empirically recorded time
series with embedding techniques (see [18], [7]). In that case, the inaccuracy of
linear fittings makes it difficult to distinguish between the exponents given by the
algorithm which are the true Liapunov exponents of the measure and those which

are spurious. We discuss how to get round this problem in section 1.6.

1.4. LP-Liapunov exponents.

Assume now that the point to matrix function S, , mapping each point x to
the matrix of the best linear estimate in LP(u|B(x,r))-norm of f at z is well
defined. We may then ask if the hypotheses of the Oseledec theorem hold and
hence the Liapunov exponents of S, , are well defined. If they are, we call them
L?-Liapunov exponents. The interpretation of the Liapunov exponents of D f
as asymptotic exponential rates of convergence or divergence of infinitely nearby
orbits is obtained by applying the chain rule to D f9, where v is a perturbation
in the tangent space. However, in practice we may not have access to infinitely
nearby orbits and the map S, ,(z) describes the evolution of observable data, in
the ball B(x,r), better than D f(x) does. Although the chain rule does not work



for the linear LP-estimates, the Oseledec theorem provides a multiplicative average
of the S, ,(x) matrices along the orbit. The interest of the L?-Liapunov exponents
lies in the fact that they are also defined for Borel measurable non-differentiable
dynamics, and the state space M may be any Borel subset of IR’ (see Theorem
2.1).

To compute the LP-Liapunov exponents we have to modify E.R.A. slightly, keeping
the radii of the balls fixed, instead of taking a given number of closest neighbours
as in the original algorithm. In particular, if we keep the radius r of the balls
constant, take a sufficiently large number ¢ of matrices to be estimated, and a
sufficiently large number n >> ¢ of points in the orbit, this version of E.R.A.
gives us the LP-Liapunov exponents up to an arbitrary degree of accuracy (see
Theorem 2.2). If instead we first take a sufficiently large ¢, then fix a sufficiently
small value of r and then take an n large enough, we can obtain the Liapunov
spectrum of D f, for a smooth dynamics f, with arbitrary accuracy.

In order to reduce the amount of time needed to make linear fits using all points
in each ball we can incorporate the box-assisted device for finding neighboring
points (see [8]). See [12] for a more detailed discussion of the practical issues
involved in the use of the algorithm.

1.5. Test for the smoothness of the dynamics.

We need to check the smoothness of empirical data when computing their Li-
apunov exponents, if we want to interpret them as estimates of the Liapunov
spectrum of the tangent map. To this end we provide an additive test to measure
the degree of differentiability of the data. Let A, ., be defined by (1.3) and let
Sy be the function mapping each point = to the matrix S, ,(x) of the best linear
estimate in LP(u|B(z,r))-norm of f at x. The weighted error corresponding to
Sy u(@) is (u(B(z,7))) VP A, ,(S,.(7)). The goodness of the linear fits is defined
by .
RT’vM(SﬁM) - /]\/[ (/L(B(.I‘, ,r)))l/pAK%M(ST#(m))d:u(‘T) -

/M (m /B . (If (y) = f(@) = Srul@)(y — x)|p)pdﬂ(y)> " dp(z).

In Theorem 2.1. we prove that under suitable conditions this quantity is
well defined. Since the algorithm replaces S, ,(z) with S,  (x) where p,, =

n-t Z;:ol di(») (see section 1.3), the algorithm gives



—1 i
Rq(nq)(srvu/z,n> = %Z;]:O ('U,Z’n(B(fil(Z),’r)))l/pArafi(z)nu’z,n(Sr7lj’z,n(f (Z)))

as estimate of R, (S, ). In Theorem 2.2 we prove the convergence of R (Srp.)
to R,,,(Sr,) when ¢ and n tend to infinity. Finally, we define the parameter

log(Ry,u(Sr,u))

R :=liminf,_, o

and in proposition 1 we provide lower bounds for R when f is a Holder, a Lipschitz,
or a O''*¢ function. In particular, in the differentiable case we prove that R > 1.

1.6. Adaptation of E.R.A. to a dynamics in a smooth submanifold of
IR’.

In Theorem 2.3 we give sufficient conditions for the convergence of E.R.A. to
the Liapunov exponents of the tangent map D f when a smooth dynamics f is
defined on a d-dimensional smooth submanifold M in IR®, with d < s. We briefly
describe how the algorithm works in this case. Let (U;, ®;) be a chart at x; €
On(2) with ®;(z;) = 0, and let g; = ®;;; o f o ®;*. Then, Df(z;) is defined
as Df(z;) = D®;}(0)Dg;(0)D®;(x;) and is independent of the chosen charts.
The Liapunov exponents are the logarithms of the eigenvalues of the matrix A, =
lim,_.o0(Dg9* Dg(@)2)™" where Dg(® = Dg,_1(0) Dg,_2(0) --- Dgo(0) and do not
depend on the chosen charts either. The problem is how to select charts (U;, ®;)
at the points z; € O,(z) and, given the choice, to prove the convergence to Dg;(0)
of the best linear estimate in LP(v,;|B(0,7))-norm of g; at the origin, where
Vni = ®i# (1., |Us) is the measure induced by p,,, |U; under the map ®;, and
[y =1 Z;L:_g dpi(z)- Let @, € On(2), j = 1,...,d be the nearest neighbours of
the point x; such that the vectors v; = x;, —x;, j = 1, ..., d are linearly independent,
and let T; be the subspace spanned by them. The algorithm takes an ro > 0, and
a chart (U;, ®;) at xz;, where U; = {y € IR® : |y — 24|, < 70}, such that the
restriction of ®; to U; N O,(2) is given by ®;(z) = I, (z — z;), where II1, denotes
the orthogonal projection of IR® on T;. We show in Theorem 2.3 that such a chart
exists for small enough 7. Notice that in this case the estimate of Dg(? is a d x d
matrix. Therefore this method gives an estimate of the d true exponents of D f
thus avoiding the often pointed out problem (see [2], [7] and [16]) of detecting the
s — d spurious exponents.



2. Results.

We work in the framework described in section 1.1. Recall that £, denotes the
set of linear maps from IR® to IR*, M denotes the set of real s x s matrices, and
Q* stands for the transposed matrix of the matrix ). We denote by spt(u) the
topological support of ;1 and by dim g the Hausdorff dimension of the measure
p defined by dim p = inf {dim(A) : u(A) > 0} where dim(A) is the Hausdorff
dimension of the set A (see [10]).

We start with a lemma which states sufficient conditions on f, z and p for the
existence and uniqueness of the best linear estimate in LP(u |B(x,r))-norm of f at
the point x € M where M is a Borel subset of IR’. In order to obtain uniqueness we
need to assume that p |B(z,7) is not concentrated on hyperplanes. We denote by
P(B(xz,r)) the set of Borel probability measures on M such that u(HNB(z,r)) <
p(B(x,r)) holds for any hyperplane H. We adopt the notation ||3||, for the usual
norm of linear maps, that is ||5||, = max{|5v|, : |[v], = 1,v €IR"}.

Forxz € M,r >0, u€ P(B(x,r)) and p € (1,00) we define, on the set L, the
functional A, , , given by (1.3) and the functional A, , given by

b= | [ (1=2,)" dnto) " (2.0

Lemma 1. Let S = {f € L, : ||B]l, = 1}, p € (1,00), € M, r > 0, and
w € P(B(z,r)). Then

(i) Thereis a T, ,, € S where the minimum value of h,, , on S is attained and
Ry (Ty ) > 0.

(ii) Let |f|, € LP(u|B(x,r)). Then, there is a unique f3
minimum value of A, ., on L is attained and

€ L, where the

7,2,

2 [fB(x,r) (\f(y) - f($)|p>p du(y)} 1p
P (Tryo,) .

1Bralls < (2:2)

Proof. The first statement of part (i) follows from the continuity of the func-
tional h,,, on the compact set S, and the assumption p € P(B(x,r)) ensures
Py (Ty ) > 0.

Since | f], € LP(u|B(z,7)), Arapu(a) < ocoforevery a € L. Let 7 := infaer, Ar o pla),
and R := %. Then A, ,,.(a) > 7 if ||af, > R, so that the continu-
ous functional A, , , attains its minimum in £,. The uniqueness of the minimum
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can be obtained from the strict convexity of the normed space LP(p |B(z, 1)) for

€ (1,00) and from the fact p € P(B(z,r)). Let T, ,, € S be the linear map
obtained in (i). Then, for any a € Ly, hy 4. () > ||a|ly by wpu(Tr0,) holds, which
for a = f, , , gives

Prop By ) _ Ao (Brap) |:fo7" ( _ f(x)|p>p dﬂ(y)] 1/p

Hﬁr:c MHQ — hr (Tr,x,p,> - hr,m,u(Tr,m,ﬂ)

This inequality together with A, . . (8, ,,) < Arz.(0) completes the proof of
(2.2). m

The following theorem establishes the existence of LP-Liapunov exponents. In a
previous version, this theorem was proved for a continuous dynamics. The present
formulation for a measurable dynamics, in the spirit of the Oseledec theorem, has
been possible due to the observation of an anonymous referee that A, , ,(S5) is
a smooth functional on S. This has also substantially simplified the proof of the
theorem.

Theorem 2.1. Let M be a Borel subset of IR® and let f : M — M be a Borel
measurable dynamics. Let p be an f-invariant measure with compact support and
dimpy > s—1. Forp € (1,00) and r > 0, let S, : spt(n) — My be the function
which maps each point x € spt(u) to the matrix of the best linear estimate in
LP(u|B(z,r))-norm of f at z, i.e. S, ,(v) = f,, .. Then

(i) The limit T\, (2) = limy_oo (S5 S\ )20 exists p-a.e., where S\%)., is de-
fined as in (1.1) for S = S, ,.

(ii) Let o 1(2) > oy u2(2) > - -+ > . ,1(2) be the logarithms of the non equal
eigenvalues of I, ,(2) (we call them I?-Liapunov exponents at the point z)
and E;(z) be the subspace generated by the eigenvectors corresponding to those
eigenvalues of I, ,(z) not larger than exp(a,, ;(2)). Then Ei(z) D -+ D Ej(2)
and for v € E;(2)\Ej41(2)

lim ¢~ 1log| WZ )‘zzar,u,j(z).

q—00

(iii) The functions z — a,, ;(2) and z — dim(E;(z)) are measurable and f-
invariant. If p is ergodic they are constant J-a.e.
(iv) The quantity R, ,(S;,) : fM GBGITT A 2.1 (Sru(2))dp(x) is well defined.

If p is ergodic, then RTVM(SW) = hmq_,C>O (q)(SW) holds for u-a.e. z € M, where
(9) _ -1 i
R (Sr) = 3 2250 Gimarirmmr Anfi@u(Seu(f1(2)))-
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Proof. To prove statements (i) to (iii) we show that the hypotheses of Os-
eledec theorem hold for the dynamics restricted to the full y-measure set M* =
NS “(spt(u)) and for the matrix valued mapping S, . Since dimp > s — 1, we
have that y € P(B(x,r)) for any = € spt(u). Using the compactness of spt(u) we
get | f|, € L>(u), so in particular that |f|, € LP(x), and by Lemma 1 the function
S, is defined on spt(u) and S, ,(f*(2)) is defined for every z € M*, i € IN.

Let {x,} be a sequence on spt(u) converging to z. Since p(0B(x,r)) = 0 for
any z € M and r > 0, we get the weak convergence of the sequence of measures
{p|B(xn,r)} to p|B(x,r). From this, the continuity of the function H defined
on the compact set spt(u) x S by H(z,T) = hy,,(T) can be derived (recall
that S = {T' € L, : ||, = 1}). Then, there is a (z*,T™) € spt(p) x S where H
attains its minimum value, and using (i) of Lemma 1 we have that H (z*,7*) > 0.
Using this fact together with (2.2) we can get a positive constant K such that
1502, < K for = € spt(p).

Since the map S — A, , ,(S) is a convex and differentiable functional in the
set G ={B € L, : ||fll, < K}, and the unique minimum S, ,(x) of A, , belongs
to G, the map S,, is unambiguously characterized (see [14]) by ¥(z,S5) = 0
where v is the Borel measurable function defined on M* x IR® by P(x,S) =
|GradA, ;,(S)|,. Thus, the graph of S, ,

Graph(S,.,) == {(x, S, ,(x)) : & € M*} = {(x,8) € M* x IR : ¢(z, S) = 0}

belongs to the o-field of the Borel subsets of M* x IR and then (see Theorem
2.3 and Remark in pp. 7 of [5]) S, is Borel measurable on M*. The proof of
statements (i) to (iii) is completed by proving that log™(||S,.(2)|,) € L'(n)
which is obtained using that [|S, ,(z)||, is bounded in spt ().

The proof of (iv) follows from Birkhoff’s Ergodic theorem (see [20]). It suffices
to check that the map G(x) = WAM,#(ST,# (x)) is p-integrable. The Borel
measurability is obtained by the measurability of the functions z — u(B(z,r)),
(x,8) = A, ,(5) and © — S, ,(x). The integrability can then be proved by tak-
ing into account that the maps z — |15, .(z)||, and  — |f(z)|, belong to L>(p).
|

I

The next theorem shows how E.R.A. can be used to compute the LP-Liapunov
exponents. Given a finite orbit O,(z) = {f(z) : i = 0,...,n — 1}, the natural
approximation for y from O, (2) is ., = n™" S fi(z)- Thus, the algorithm acts
by fitting the matrix S, (z) of the best linear estimate in L?(p, ,, |B(z,7))-norm



of f at x € Oy(2). Assume that S,  (z) is defined for any x € O,,(2), let Sﬁﬁzm,z

be defined as in (1.1) for S = S, , ~and let I',, ,(2) = ( ﬁ?ﬁ:m,z 352177”2)7111.

(@)
T,HZ’H,

the eigenvalues of the matrix I',,, ,(z). The estimate of R, (S, ,) given by the
algorithm is

-1 i
R (Sri,) = 3 Tl G mat @ o Ans G (S (F1(2))).

Theorem 2.2. Let M be a Borel subset of IR, and let f : M — M be a Borel
measurable dynamics. Let y be an f-invariant and ergodic measure with compact
support and dim 1 > s — 1. For p € (1,00) and r > 0, let o, j, j = 1,..., s be the
p-a.e. constant LP-Liapunov exponents. Given O, (z) = {f%(z):i=0,...,n — 1},

let 0452 7 j(z), j =1, ..., s be the estimates of the LP-Liapunov exponents obtained

by the Eckmann and Ruelle algorithm from O,,(z). Then,

Then, the exponents « i+ J=1,...,s that E.R.A. gives, are the logarithms of

(@)

lim lim awz,mj(z) =y, J=1,...,8 (2.3)

q—00 N—00

and
lim lim RY(S,,. )= Ryu(S..) (2.4)

q—00 N—00

for p-a.e. z € M.

Proof. By Theorem 2.1, for any p € (1,00) and r > 0 the LE-Liapunov exponents
i, 1 < j < s are defined, and by the ergodicity of u they are constant p-
a.e. They are the logarithms of the eigenvalues of the p-a.e well defined matrix
Ty, (2) i= limg oo D pg(2) where Ty o(2) := (195559 )20 and S, is defined
as in (1.1) for S = S, ,. Since the characteristic polynomial of any matrix is a
continuous function of its entries and the roots of any polynomial are continuous
functions of its coefficients (see [9]), it follows that the eigenvalues of any matrix
are continuous functions of its entries and then

lim o'?) (2) =0y, j=1,..,s (2.5)

q;}m r?#?]

(9)

TysJ

The exponents computed by E.R.A., that we have denoted by ai?jz mj(z),

where «,’, (z) are the logarithms of the eigenvalues of I, , ,(2).

j =1,...,s, are the logarithms of the eigenvalues of the matrix sz’n,q(z), where
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[y =1"" S fi(z) and z € M. The proof of (2.3) is completed by proving the
existence of a set B of full y-measure such that for z € B and x € spt(p), Sy, ()
is defined for large n, and lim,, . Sy, (z) = S, .(z) holds. In this case we have
that lim, oo Tr e, q(2) = Trpug(2) for ¢ €IN and z € BN (oo f*(spt(p))) and
by the continuity of the eigenvalues of a matrix with respect to its entries we get

Jim. agzmj(z) = ag’j(z) forgeIN, j=1,..,s (2.6)
which together with (2.5) gives (2.3).

Now we prove that p-a.e. z, and for x € spt(u), S, (x) is defined for large n,
and lim, . Sy, () = Sy, (x) holds. For the proof of existence and uniqueness
of S, (x) we have to check that fsp € P(B(z,7)) and |f|, € LP(p,, |B(z,7))
holds for large n (see Lemma 1). Since dim pz > s —1 we have that y € P(B(x,7r))
for any x € spt(u), and compactness of spt(u) implies |f|, € LP(u). Thus, it
suffices to show that {u, .} converges weakly to p for y-a.e z € M. When f is a
continuous dynamics, this fact is well known. It is not difficult to see that this is
also true for any Borel measurable p-preserving dynamics: observing that the set
of balls centered at points with rational coordinates and with rational radii are a
countable basis for the usual topology of IR?, the weak convergence of {y,,} to
p for p-a.e z € M follows from Theorem 2.2 in [4]. Let B; denote the set of full
p-measure where the weak convergence of {, ,} to u holds. We prove that there
is a set B C By of full y-measure such that for any z € B and any x € spt(u),
limy, o0 Sy, () = Spu(x) holds, showing that any subsequence of {S,, (x)}
contains a subsequence which converges to Sru(x). In order to do this we first
prove that {S,, . (z)} is a bounded sequence. Using Lemma 1 we get

We get an upper bound for {‘

2"47’796»/&,71 (0)

2 N hrvxvuz,n (Trvxvuz,n) ‘

(2.7)

S )

Sropiy (x)Hz} proving that for any z € B,

limn*)oo hr7x7p'z,n (Trvx7uz,n) = hT@:M(Tﬁ%N) and limnﬂoo AT,CL’,/LZ,H (an) = “’47”7307#(04)
holds where T, ,,, v € {, 1, } is the linear map in S where the minimum value of

the functional h, , , is attained, and {«,,} is any sequence in £ with lim,, . a;, =
«. We also shall use the last fact to prove (2.4).
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Let C be the set of functions given by

p
C:={9:9¥) = Xp.n (If(y) —t—aly - :v)!p> ,x €M, teM, acIR"}.
(2.8)
Let M* and L% be countable and dense subsets respectively in M and IR* and
let

p
C":={9:9(y) = Xp@-r) (If(y) —t"—a(y - 95*)|p> ,xt e MT, " e MY, a € L7}

We prove that there is a set By C Bj of full y-measure such that for any ¢ > 0,

z € By and g € C there are a g* € C* and an ny € IN such that
[ st~ [ it <ot | [ atdnentn - [ o @inn)] <
(2.9)

hold for n > ng. We give the more involved proof of the second inequality. The
first one can be obtained in an analogous way.

Let By i= By N (NZ0f ~(spt(1) s 9(0) i= Xogar) (1f ) — = aly—2)],)" € C

and h(y) :== Xpg.n (\f( )—t—aly— :c)|p)p where z* € M* is taken close to x.
Then for z € Bs,

“fg(y)dﬂmy]l/p Uh Y (y ]1/p

<
[IB(x,r)AB(z*,r) <’f(’y) —t—a(y —z) ) d:uzn }
K (12, (B(z, ) AB(a", 7))

where the symbol A denotes the symmetric difference of sets and K is a constant,
depending on |||/, and |¢|,. The existence of K derives from the boundness of
stp(u) and from the fact that every y in the orbit of z belongs to spt(u). Let {xy}
be a sequence in M* such that limy_ ., xx = x. The last inequality together with
the fact that limy ..o lim, oo pt, ,((B(z,7)AB(7, 7)) = p(0B(x,7)) = 0, allows
us to choose x* € M* and ng € IN such that

‘Ug( Y. )] = [f h(y)dp.,(1)]"| < /2, for n > ng.

p
Taking g*(y) € C* where g*(y) := X p(z= <|f(y) —t"—a(y — x*)]p> satisfies
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[ p)di ) = [ 9" Wpe )] ] < /2,

we get

([fg Ypie ()] = [ 9" W)dp. ()] 7| < € for n > n,

and the continuity of ¢(y) = y? completes the proof.

Inequalities given in (2.9), together with the fact that C* is a countable set
of functions and Birkhoff theorem gives the existence of a set B C By of full
p-measure such that for any z € B and g € C,

lim [ gy, (y) = / o(v)du(y)

n—oo

holds. Then, for any z € B, x € f~!(spt(n)), and any sequence {«,} on L, such
that lim,, ., a,, =

im A, (an) = A (@) (2.10)

holds (notice that the weak convergence of {y,,} to p does not permit us to
obtain (2.10) because f is not assumed to be a continuous dynamics). Taking
z € B and «a,, = 0 for all n in (2.10), we can get an upper bound for {A, ., (0)}
n (2.7). Since limy, o hygp. (Trwp, ) = hrap(Thep,) > 0 holds (see part (1) of
Lemma 1.2 in [11]), we also get a lower bound for {hrap,  (Trap, )} in (2.7).
Then there is an ng > 0 such that the sequence {S, 7L(x)}n>n0 is contained in
a compact set. Thus, any subsequence of {S,, (z ) on, coOntains a convergent
subsequence, which we also denote by {S,,. (= )} If im0 Sry_, (x) = S* with
S* # S, () then "

m Ay (Srp., (7)) = Are u(S7) > A 1 (Sr ()

n—oo

which follows from (2.10) together with the uniqueness of the minimum of the
functional A, , ,. The above inequality contradicts

m Aoy (S, () < nhjEO Ar i, (Sru(2)) = Ao u(Sr (),

so that
lim S,  (z) =S5 .(v) (2.11)
holds, which completes the proof of (2.3).
We now prove (2.4). Let R@( Spp) = % S WAT £ (S (f1(2)))-
By Theorem 2.1, R, ,(S;,) =lim, .o R RY(S (Sy.)- Then it is sufficient to prove
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limy, o0 (uz,n(B(fil(z),r)))l/p Ar,fi(z),uz,n (Swz,n (fi (2))> =
BT A (Sru(f1(2))), i € IN

holds p-a.e. z which follows from (2.11) and (2.10) for z = f(2) together with
the weak convergence of {u, .} to p taking z € BN (N2, f*(spt(p))). W

Proposition 1. Let M be a Borel subset of IR®, and let f : M — M be a Borel
measurable dynamics. Let p be an f-invariant measure with compact support
and dim p > s — 1. Then, the parameter

R := lim inf —log Frp (ST’”)
r—0 log r

is defined and

(i) If f is Holder continuous of exponent € ji-a.e. (that is p-a.e. v € M, |f(y) — f(x)], <
L(|ly — x|,)® holds for yi-a.e. y € M where 0 < ¢ < 1 and L is a positive constant),
then R > ¢.

(ii) If f is Lipstchitz p-a.e. (that is p-a.e. x € M, |f(y) — f(x)], < Ly — =,
holds for p-a.e. y € M where L is a positive constant), then R > 1.

(iii) If M is open and f € C*¢ p-a.e (that is f € C' and it has Hélder continuous
derivatives of exponent ¢ for y-a.e.), then R > 1+ ¢.

Proof. By Theorem 2.1. we know that R, (S, ,) is defined. Let G be a point
to matrix mapping such that ||G(z)|, € L'(u). Since S, ,(z) is the best linear
estimate in LP(u |B(x,r))-norm for f at x,

1
Rr’“(sr’“)S/M(,u(B(x,r)))l/PAr’x’“(G(m))dﬂ(@

holds. Taking G(x) = 0 in the last inequality we obtain (i) and (ii), and taking
G(z) = Df(z) we obtain (iii). H

The next theorem shows how E.R.A. can be used to compute the Liapunov
exponents of the tangent map when the dynamics is defined in a d-dimensional
smooth submanifold M of IR® with d < s. Let z € spt(u), i € IN,;z; = fi(2)
and g; = ®;;1 0 f o ®; ' where (U;, ®;) is the chart at z; defined in section 1.6.
The algorithm acts by fitting the matrix G, ,;(0) of the best linear estimate in
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LP(vy,:|B(0,7))-norm of g; at the origin, where v, ; = ®;# (., |U;). The expo-

nents af,?%’j(z), j=1,...,d that E.R.A. gives, are the logarithms of the eigenvalues

of the matrix I, ,, ,(2) := (G&?T)L*Gi?%)(zq)_l where G, = Grng—1(0)Gy . g—2(0) - -
Grn0(0).

We say that u is exact dimensional if

log(u(B(x,r)))
logr
Theorem 2.3. Let M be a d-dimensional submanifold of IR®, f : M — M and let
it be an f-invariant, ergodic and exact dimensional Borel probability measure with
dim p > d — 1. Assume that there is an € > 0 such that M is C**¢ f € C**¢(M)
and [,,log"(||Df||)dpu < oo. For p € (1,00) and r > 0, let af,’qij(z), j=1,..,d
be the estimates of the Liapunov exponents provided by the Eckmann and Ruelle
algorithm from the orbit O,(z) and let \;,j = 1,...,d be the p-a.e. constant

Liapunov exponents for the tangent map D f. Then,

log(p(B(z,r)))

liminf,_, og T

= limsup,_,, = o p-a.e.

lim lim lim o!? (2) =X;, j=1,...d (2.12)

g—oor—0n—oco I

for p-a.e. z € M.

Proof. It is not difficult to prove that for each point x € M there exist a
neighborhood V, in IR’ and a diffeomorphism W, defined in V, such that the
restriction of ¥, to V,NM is given by ¥, (y) = Iy, (ar)(y—2) where Iy, (as) denotes
the orthogonal projection of IR® into the tangent space T,(M) of M at x. Thus,
(V, ¥,) provides a chart at x. This result is also true if we consider the orthogonal
projection on any linear d-dimensional subspace T such that T+ N T,(M) = {0},
where T denotes the orthogonal complement of 7. Since dimu > d — 1, and
{m, .} converges weakly to p for p-a.e. z € M, we have that for z; € spt(u)
and r > 0, there is an ng > 0 such that for n > ny we can find d vectors
v; i= 1, — x; with z;; € B(x;,7)NO,(2) spanning a d-dimensional linear subspace
T} n,i- Moreover, since x;; € B(x;,r)NM, j = 1,...,d, for a sufficiently small r and
large n, T, ; N T,,(M) = {0} holds. Thus, we can choose the chart (U;, ®;) at
z; € O,(2) as described in section 1.6.

Since the hypotheses of Oseledec theorem hold, the Liapunov exponents of D f,
which we have denoted by A;, j =1, ..., d, are defined and they are the logarithms
of the eigenvalues of the p-a.e. z well defined matrix A, := lim, o Ay(z) where
Ay(2) = (Dg\9*DglD) 0™ and Dg@ := Dg, 1(0) Dgy-2(0) - - - Dgo(0).
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By the continuity of the eigenvalues with respect to the entries of the matrix
we have

Jim MOy =), j=1,..d (2.13)
p-a.e. where )\gq)(z), j =1, ...,d are the logarithms of the eigenvalues of A,(z).
Let z; € O,(z) N spt(p). Since dim > d — 1 and P; is a diffeomorphism, we
get that dimv; > d—1 where v; = ®;#(u|U;) . Then, v; € P(B(0,7)) holds. Since
gi is a differentiable function we also get that |g;|, € LP(v;|B(0,7)) for small r,
and by Lemma 1 the existence of the best linear estimate in L?(v; |B(0,r))-norm
for g; at the origin is guaranteed. We denote it by G,.;(0).

We now see that there is a set A with u(A) = 1 such that for all z € A, and
i € IN, lim, o G,;(0) = Dg;(0) holds. Results given in [11] ensure the existence
of a set Z; C ®;(U;) of full v;-measure such that lim,_ o G, ;(a) = Dg,(a) holds for
a € Z;. We need that for 2 € A, 0 = ®;(f(z)) € Z; holds for any i € IN. Notice
that the charts ®; are depending on z. This is the reason for which we introduce
a non depending on z countable atlas {(V;, ¥;)},ern of M which together with a
change of charts shall allow us to get the result.

Let 7; = W;#(n|V;), j € IN. Since dim7; > d — 1 we can apply Lemmas
3.1 and 3.2 in [11], so that for any ¢ > 0 there exists a set W; C ¥;(V}) of
full 7;-measure such that for any a € W; there are positive constants K and ro,
depending on a, such that for any 5 € L; we get

191, < sty o, (B0 =) 0] T e

for r < ry. Consider the set of full y-measure given by
A=, f" (spt(u) n (U;)il\p;l(w]))) .

Let z € A, i € IN and z; = f%(2). Since z; € A, there is a j € IN such that
x; € \I/]_l(VVJ) N spt(p). Let (U;, ®;) be the chart that the algorithm takes at x;
and let h; : ®;(U; NV;) — V,;(U; N'V;) be the C*** map of change of charts given
by h; := W; 0 ®;'. Then, there is a constant L such that

|B(hi(y) — hi(0))], < [B(hi(y) — hi(0) — Dhi(0)y)|, + |3Dhi(0)yl, <

1+
LUl (1vl,)  + |8DRO)yl, for any y € 2U:NV)  (215)
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Using that for small r, 7, | B(¥;(x;), ) = (hi#v;) |B(Y,(x;),r) holds, a change
of variable in the right hand of (2.14) taking a = ¥;(x;) and 0 < ¢, and (2.15) we
get

1/p

111, < —

1/p
Klr’k” »
(73 (B{¥; ), )M [/hil(B(mm),r)) OﬁDh"(O)y)'I’) d”"(y)] =

T Loy (8200001, ) U ew

for small 7, where K and M are constants with M > ||Dh; 1(hl-(O))H2 . Replacing
r with 7/M and taking 8 = (G,:(0) — Dg;(0))Dh; ' (h;(0)) in (2.16), and using
that G, ;(0) satisfies

UB(M <|(Gr’i(0) N Dgi(o»mp)p d’/i(zﬂ} " <2 [/Bm,r) (‘gi(y) - Dgi(O)y\p)p dw(y)} "

and that g; € C1*¢, we get

1G+:(0) = Dgi(0)ll, < [|(G+i(0) — Dgs(0)) Db (hi(0) ||, [ DR:(0)]|, <

(Tj(B([‘IijI:)UT )))1/p {/B(O " (|(Gr,i(0) - Dgi(O))y|p)pdui(y)] 1/p -

Ksre=2(v;(B(0,7)))"/» Kare™° n(@; (B0, 1)) " (2.17)
i ) '

(5 (B (), )Y U (B(T(xs)

where K, i = 1,2, 3 are constants. Using that for any diffeomorhism ¢, B(z, 1) C
¢~ (B(¢(x),r)) C B(,lyr) holds, where [; and I, are constants with I; > || Dé(z)||,
and ly > || Do~ (¢())] , together with the fact that y is exact dimensional, o < ¢,

and (2.17) we get that ||G,;(0) — Dg;(0)||, = o(r*~*) where « is any constant with
0<a<e.

T
"M
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We now show that p-a.e. z, Gy, ;(0) is defined and lim,, o G;.,,.:(0) = G,.;(0).
Let B be the set of full measure where the weak convergence of {u,,} to p
holds. Then for any z € B and ¢+ € IN, we also have the weak convergence of
{vn,i} to v;. Using that v; € P(B(0,7)) and |g;|, € LP(v;|B(0,7)) for small r,
we get that v,; € P(B(0,7)) and |g;|, € LP(vy,:|B(0,7)) for small r and large
n, and again by Lemma 1 G,.,,;(0) is defined for small  and large n. Using the
argument given in Theorem 2.2 when proving lim, ... Sy, () = S, (), we get
lim, 00 Gy0i(0) = G,.;(0) for any z € B (notice that in this case the continuity
of g; simplifies the proof). Thus, we have obtained lim,_,olim, . G,,(0) =
lim, o G,; (0) = Dg,;(0) for i € IN and z € AN B. Hence,

hn(l) lim ng( ) = Dg'? for q € IN,
p-a.e.z, and by the continuity of the eigenvalues of the matrix with respect to its
entries

lim lim a( 9 i(2) = )\g-q)(z), j=1,..,d, ¢ €IN

r—0 n—oo

which together with (2.13) gives (2.12). ®

3. Concluding remarks.

Remark 1. Eckmann and Ruelle conjectured that an ergodic measure invariant
under a C?-diffeomorphism with non zero Liapunov exponent is regular and exact
dimensional (see [6]). This conjecture has been proved in ([3]) for a compactly
supported Borel probability measure, with non-zero Liapunov exponents and in-
variant under a C'*¢ diffeomorphism of a smooth Riemannian manifold.

Remark 2. The result of Theorem 2.3 can be obtained for a non exact dimen-
sional measure if f € C**¢ with ¢ > ]21’1’;” d;fl” + Dimp ;dim“ where Dimy, denotes
the packing dimension of u (see [19]). T. he proof is like in Theorem 2.3 considering
o > (Dimp — dim p) /(dim g — d + 1) in (2.14) and taking into account in (2.17)
that % < k*2r®1=%2 holds for r small and any o and as with op < dim p
and ag >Dimy.

In this theorem we can also assume that M is an open subset of IR* and dim p >

s — 1. Then the result is obtained if [ is locally C'™¢ p-a.e. where & > %.

Remark 3. The assumption dim u > k — 1 made in the previous theorems, for
k = s in Theorems 2.1 and 2.2, and k = d in Theorem 2.3, seems to be a natural
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condition which ensures that the dynamics does not take place in a submanifold of
dimension smaller than k, in which case the existence of the k Liapunov exponents
computed from the best linear estimates in Ly, is not guaranteed.

Remark 4. We do not know if, under the hypotheses of Theorem 2.3 when d = s,
the LP-Liapunov exponents converge to the Liapunov exponents of Df when r
tends to zero. Although lim, oS, ,(x) = Df(z) u-a.e, the rate of convergence
required by the available results on perturbation of infinite products of matrices
(see [15]), is not guaranteed.
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