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computed for the 16-subsample. The results are shown
in Fig. 11. A substantial increase in the BE index is
apparent for every sample, with the mean values of
BE_21 approaching unity (indeed, the mean value is
0.948 and the standard deviation is 0.0184). These
results are consistent with the volume–size distributions being continuous within the size interval [0.05,
194].
5. Conclusions
The balanced entropy (BE) – obtained from the
standard clay–silt–sand soil fraction content – was
proposed in Martín et al. (2005) to characterize soil
texture. Balanced entropy, however, is a flexible
parameter that can be computed for an arbitrary partition
of the interval of soil particle sizes. The behavior of BE
with respect to the considered partition was addressed in
this paper. In particular, the theoretical properties of the
BE index were considered when the partition is refined,
and the relationship between extreme values of this index
and the nature of the underlying distribution was
discussed. The variations of BE when refining the
scale were explained in terms of the uniformity in the
mass spreading. Also, it was argued that, for continuous
distributions, the BE index values approaches unity as
the partition gets finer.
The methodology was applied to a sample of 70 soil
samples from the Iberian Peninsula. Significant conclusions that can be drawn from the analysis are as follows.
First, for all samples the soil volume is more uniformly
distributed across sizes when smaller scales are
considered. Secondly, different BE indices – i.e.
computed with respect to different partitions – play a
role qualitatively similar as a parameter for comparing
textures. Third, the continuous nature of the relative soil
volume–size distribution cannot be discarded from the
analysis.
As a general conclusion, balanced entropy is shown to
be a useful tool to scrutinize the spreading of a given
mass distribution within different scales — associated
with size partitions. In turn, different BE indices may be
used as textural indicators supplying inter-scale information when appropriately disaggregated soil data is
available.
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Appendix A. Basic quantization properties of
balanced entropy
José-Manuel Rey3,4
Summary. Some basic quantization facts for the balanced-entropy index, introduced by Martín et al. (2005) are
derived from theory. Specifically, mechanisms for mass
partitioning are described that are consistent with the increase
or decrease of index values when refining the size partition.
Variations in index values are shown to respond to the
uniformity of the mass spreading. A key result is that the index
values approach one when the partition size goes to zero.
Also, values of the index approaching a constant between 0
and 1 are shown to be consistent with an underlying fractal
distribution.

Shannon's entropy has been successfully established
in different fields as a useful heterogeneity index of a
probability distribution. Balanced entropy is a natural
generalization of Shannon's entropy introduced by
Martín and Rey5 as a measure of the evenness of a
distribution with respect to a range of unevenly
classified sizes. Consider the unit interval [0, 1] as the
(normalized) interval of sizes and let ∏ = {Ii} be a
(finite) size partition of [0, 1], that is, ⋃i Ii = [0, 1] and
Ii⋂Ij = ∅ for different i and j. Given a mass distribution
P defined on the size interval, the partition ∏ induces a
discrete distribution ( pi) defined by the probability
vector pi = (P(Ii)) that we call ∏-quantization6 of P. Let
BE(∏) denote the value of the balanced-entropy index
for the quantizing partition ∏:
P
PðIi ÞlogPðIi Þ
BEð∏Þ ¼ P
;
PðIi Þlogri

ðA1Þ

where ri is the length of the size interval Ii. Note that
∑ri = 1, so that (ri) defines a probability distribution on
the integer set {1, 2, …, #∏}. The notations H(∏) or E
(∏) will be used when necessary. The value BE(∏)
depends on the partition ∏. Privileged partitions do exist
in some contexts. As an important example, for the
classification of soil textures, the induced partition when
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using the standard USDA system is defined by
r1 = rclay = 0.001, r2 = rsilt = 0.024, and r3 = rsand = 0.975
(see Soil Conservation Service, 1975). The value BE(∏)
may be thought of as a measure of distance from P to the
uniform distribution defined in ∏, for which each size
interval gets a probability mass equal to its length (see
Martín et al., 2005). In general, considering different
partitions and computing the associated BE index gives
significant information on the mass spreading of the
distribution at different scales. As it is shown below
(Claims 4 and 5), the index value may increase or
decrease when the partition is refined. In this note basic
mechanisms for the redistribution of the mass are
formulated that are compatible with an observed
increase or decrease of the index when the partition is
refined.
For any distribution and partition, the index BE takes
values in [0, 1]. First the occurrence of extreme values of
BE is considered.
Claim 1. BE(∏) = 0 for any partition ∏ ⇔ The
distribution P is a Dirac delta, i.e. the whole probability
mass is concentrated at some size r0.
It is clear that BE(∏) = 0 if and only if H(∏) = 0 which
occurs if and only if the ∏-quantized distribution satisfies
P(Ii) = 1 for some Ii. This fact occurs for every partition if
and only if P is a Dirac delta, thus implying Claim 1.
The diameter of a partition ∏ = {Ii} is defined as
diam∏ = max {length(Ii)}.
Claim 2. If P is discrete – a (finite) sum of Dirac deltas –
i.e. P = ∑miδri with ∑mi = 1 and δri is a unit mass located at
ri, then BE(∏) → 0 as diam∏ → 0.
For any sufficiently fine partition ∏, we have H(∏) =
− ∑milogmi = constant, whereas E(∏) tends to infinity as
diam∏ goes to zero. As a consequence, Claim 2 follows.
Claim 3. BE(∏) = 1 for any partition ∏ ⇔ P is the
uniform distribution.
BE(∏) = 1 can be rewritten as
P The passertion
pi log rii ¼ 0. This means that the Kullback–Leibler
distance between the ∏-quantized distribution ( pi) and
the size distribution (ri) is zero. This occurs if and
only if pi = ri (see Cover and Thomas, 1991). Since
this is true for any arbitrary partition, P is the uniform
distribution.
Next the response of the index BE is analyzed when
the partition is refined. A partition ∏′ refines or is finer
that another partition ∏ (denoted by ∏ ≺ ∏′) if its class
intervals are either class intervals of ∏ or are
subintervals of some class interval of ∏. It is wellknown that the Shannon entropy index H does not
decrease when the partition is refined. That is, H(∏) ≤ H
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(∏′) if ∏ ≺ ∏′ (see e.g. Gray, 1990). Also, the value of
E increases when the partition is refined. To see this,
consider a particular case when ∏′ is obtained from ∏
by partitioning just one class interval I of length r of ∏
into two subintervals, I1, I2, of lengths r1 and r2 = r − r1.
r
Without loss of generality, assume that 0br1 V . Assume
2
also that the underlying distribution P splits the
probability p = P(I) into p1 = P(I1) and p2 = P(I2) = p − p1.
Since − (p1 + p2) log r ≤ − p1log r1 − p2log r2, we have
that E(∏) ≤ E(∏′) in this case. This can be extended to
prove that, in general, E(∏) ≤ E(∏′) if ∏ ≺ ∏′. Since
both H(∏) and E(∏) increase, the value of BE(∏)
may or may not increase when ∏ is refined. This
depends on how the relative variations of both quantities compare when ∏ is refined: it is easy to check
that
BEð∏ÞVBEð∏VÞf

Hð∏ VÞ−Hð∏Þ Eð∏VÞ−Eð∏Þ
z
:
Hð∏Þ
Eð∏Þ
ðA2Þ

As a consequence, the general mechanism in the
mass spreading, producing an increase in the index BE,
consists in redistributing the probability mass within
finer partitions in such a way that the relative increase of
the entropy exceeds that of E — the average of the
logarithms of interval sizes. As shown next, however, a
highly non-uniform spreading of the probability mass
inside the finer partition ∏′ is compatible with a
lowering of the value of BE(∏).
Consider again the case when ∏′ is obtained from ∏
by partitioning a class interval I of length r into two
subintervals, I1, I2, of lengths 0 b r1 b r / 2 and r2 = r − r1.
Let p = P(I ) and p1 = P(I1) and p2 = P(I2) = p − p1.
Claim 4. For any ∏′ refining ∏ as above so that p1 = 0,
BE(∏′) b BE(∏).
This follows from Eq. (A2) above since H(∏′) = H
(∏) and E(∏′) N E(∏).
If the mass spreading across the subintervals I1 and I2
is uniform the value of the index BE goes up. This is the
content of
Claim 5. For any ∏′ refining ∏ as above, in such a way
that the mass splitting ( p1, p2) is uniform, that is, p1 ¼
p rr1 and p2 ¼ p r−rr 1 ¼, we have BE(∏′) N BE(∏).
To check Claim 5, denote, d ¼ rr1 for convenience.
After some algebra:
Hð∏Þ þ p logp−d plogðd pÞ−ð1−dÞplogðð1−dÞpÞ
Eð∏Þ þ plog r−d plogðdrÞ−ð1−dÞplogðð1−dÞrÞ
Hð∏Þ þ pf−dlogd−ð1−dÞlogð1−dÞg HðjÞ þ pH2 ðdÞ
¼
¼
;
Eð∏Þ þ pf−dlogd−ð1−dÞlogð1−dÞg
EðjÞ þ pH2 ðdÞ

BEð∏VÞ ¼
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where H2(δ) = − δ log δ − (1 − δ) log(1 − δ) is the Shannon
entropy of the distribution (δ, 1 − δ). Since H2(δ) N 0, it is
always the case that7
BEð∏ VÞ ¼

Hð∏Þ þ pH2 ðdÞ Hð∏Þ
¼ BEð∏Þ;
N
Eð∏Þ þ pH2 ðdÞ Eð∏Þ

which implies Claim 5.
An arbitrary refinement of a partition ∏ can be
obtained in successive steps. At each step, some size
interval of length r is partitioned into two subintervals of
lengths r1 and r − r1, according to a choice of the
r1
parameter d ¼ (0 b δ b 1/2). Refining ∏ in this way
r
amounts to selecting a sequence of δ's, one for each step
in which an original interval is split in two. For a
sequence of refining partitions with decreasing diameters, a partitioning rule consists of selecting – at each
partitioning step – some δ, 0 b δ b 1/2. The next one is a
key result concerning the behavior of the index BE
when partitions are refined.
Claim 6. If P is a distribution with a continuous
probability density, then BE(∏) → 1 as diam∏ → 0,
provided that the partitioning rule satisfies δ N δ0 N 0.
Let ∏1 = {Ii1: i = 1, 2, …, N} be an initial partition of
[0, 1] and let (pi1 = P(Ii1)) be the induced ∏1-quantized
distribution. Consider some sequence of nested partitions {∏k}, where, ∏k+1 refines ∏k for each k. Since the
diameter of ∏k goes to zero as k increases, we may take
∏k+1 as a refinement of ∏k obtained by dividing each
class interval Iik of ∏k – using a partitioning rule δik –
into two subintervals (that are themselves class intervals
of ∏k+1). Since P has a continuous probability density, it
can be assumed that ∏1 is fine enough so that the masses
(pi1) will be split nearly uniformly inside the class
intervals of the new partition ∏2. This means that each
new class interval gets a probability mass approximately
proportional to its length, as stated in Claim 5.
In the first step – in which each class interval of ∏1 is
divided into two using partitioning rules δi1 –, repeating
the procedure used in the proof of Claim 5 gives:
BEðj2 Þc

Hð∏1 Þ þ p11 H2 ðd11 Þ þ p12 H2 ðd12 Þ þ N þ p1N H2 ðd1N Þ
:
Eð∏1 Þ þ p11 H2 ðd11 Þ þ p12 H2 ðd12 Þ þ N þ p1N H2 ðd1N Þ

using the fact that BE depends continuously on the pi so
that the value of BE(∏2) is only approximately equal to
the expression above. Since the partition rule is bounded
from below by δ0 and H(δ) is continuous and increasing
aþx aþy
The fact that bþx
N bþy , xNy for non-negative a,b,x,y, a b b, b ≠ 0,
is often used. Take y = 0 here.
7

for 0 b δ b 1/2, it holds that H2(δi1) N H2(δ0) for any i.
Therefore (see footnote 3),
P
Hð∏1 Þ þ H2 ðd0 Þ p1i
Hð∏1 Þ þ H2 ðd0 Þ
P
BEð∏2 ÞN
¼
Eð∏1 Þ þ H2 ðd0 Þ
Eð∏1 Þ þ H2 ðd0 Þ p1i
Repeating the argument for partition ∏2 – using
partitioning rules δi2 and calling P(Ii2) = pi2 – gives
2N
P

Hð∏2 Þ þ

BEðj3 Þc

Eð∏2 Þ þ

¼

Hð∏1 Þ þ
Eð∏1 Þ þ

i¼1

2N
P

i¼1

N
P
i¼1

N
P

i¼1

p2i H2 ðd2i Þ
p2i H2 ðd2i Þ
p1i H2 ðd1i Þ þ
p1i H2 ðd1i Þ þ

2N
P
i¼1

2N
P

i¼1

p2i H2 ðd2i Þ
p2i H2 ðd2i Þ

Hðj1 Þ þ H2 ðd0 ÞRi p1i þ H2 ðd0 ÞRi p2i
Eð∏1 Þ þ H2 ðd0 ÞRi p1i þ H2 ðd0 ÞRi p2i
Hð∏1 Þ þ 2H2 ðd0 Þ
¼
:
Eð∏1 Þ þ 2H2 ðd0 Þ
N

Repeating the argument for partition ∏k+1,
BEð∏ kþ1 ÞN

Hð∏1 Þ þ kH2 ðd0 Þ
Eð∏1 Þ þ kH2 ðd0 Þ

The terms on the right hand side form an increasing
sequence accumulating at unity. This argument justifies
Claim 6. It also works when P has a density which is
continuous only in a small interval I. Claim 6 is thus also
valid for continuous densities with a high-peak and very
small standard deviation. The rate of convergence of BE
to 1 – when the diameter of the partitions goes to zero –
may thus be used to differentiate between different
continuous distributions. Moreover, if P has non-trivial,
singular and continuous parts, it will also result in a BE
index approaching 1 when the partition is fine enough
within the support of the continuous part. It follows from
Claim 6 that a necessary condition for BE to approach a
value d b 1 is that P be purely singular (e.g. fractal).
Since BE ≈ 1 for distributions with continuous densities whereas BE ≈ 0 for nearly discrete distributions, it
may be thought that observing that BE approach
intermediate values corresponds to more complex
singular distributions. It may well happen that a certain
sequence BE(∏k) stabilizes around some value fixed
value d. This is actually the case for fractal (selfimilar)
distributions. This claim can be illustrated with a standard
Cantor distribution P, defined in the following way.
Consider a partition ∏1 of [0, 1], select its first and last
subintervals, call them I1 = [0, r1], I2 = [1 − r2, 1], and
spread the probability mass by P(I1) = p1, and P(I2) = p2,
p1 + p2 = 1. Repeat the same procedure inside I1, and I2,
i.e., define P(I1, 1) = p1 p1, P(I1, 2) = p1 p2, P(I2, 1) = p2 p1, P
(I2, 2) = p2p2, where, for j = 1, 2, Ii,,j is a subinterval of Ii
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with length (Ii,,j) = rirj. Let ∏2 be any partition of [0, 1]
containing the subintervals Ii,j. At the k-th stage of the
construction, there are 2k subintervals Ii1, i2, …, ik, such that
P(Ii1, i2, …, ik) = pi1pi2 … pik and length (Ii1, i2, …, ik) = ri1ri2 … rik,
ij = 1, 2. Let ∏k be any partition of [0, 1] containing Ii1, i2, …, ik
as class intervals. A computation gives
P
: : : pi logðpi pi : : : pi Þ
k
1
2
k
i ;i ; N ;i pi1 pi2
BEð∏k Þ ¼ P1 2 k
: : : pi logðri ri : : : ri Þ
p
p
i
i
1
2
k
1
2
k
i1 ;i2 ; N ;ik
kðp1 logp1 þ p2 logp2 Þ
¼
kðp1 logr1 þ p2 logr2 Þ
p1 logp1 þ p2 logp2
¼
ud;
p1 logr1 þ p2 logr2
so that BE(∏k) is the constant d for every k. It is remarkable
that d also gives the entropy fractal dimension of the Cantor
distribution. This is a consequence of a general result on the
dimension of self-similar fractal constructions (Deliu et al.,
1991). To illustrate this fact with a popular example, take
p1 = p2 = 1/2 and r1 = r2 = 1/3. This implies BE(∏k)
= d = log2/log3 which is the well-known fractal dimension
of the classical Cantor set and the natural Cantor
distribution (see e.g. Falconer, 1990).
Invoking continuity of the index BE with respect to
the probabilities pi, the following general working
principles are justified from the facts above:
#1. Small values of the index BE are consistent with P
being nearly discrete.
#2. A lowering in the value of BE when the partition
is refined is consistent with the measure spread
being far from uniform (some size interval getting
no mass in the splitting).
#3. Near to one values of the index BE are consistent
with P nearly uniform.
#4. An increase in the value of BE when the partition
is refined is consistent with the measure spread for
the new partition being close to uniform (every
class interval nearly getting the mass share
proportional to its size),
#5. Computed BE values approaching one when
partitions are refined is consistent with an
underlying distribution with continuous density.
#6. Computed BE values approaching a certain positive
value d below one when partitions are refined is
consistent with an underlying fractal distribution.
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